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Wave propagation in the heart has a discrete nature, because it is mediated by discrete intercellular
connections via gap junctions. Although effects of discreteness on wave propagation have been
studied for planar traveling waves and vortexes (spiral waves) in two dimensions, its possible
effects on vortexes (scroll waves) in three dimensions are not yet explored. In this article, we study
the effect of discrete cell coupling on the filament dynamics in a generic model of an excitable
medium. We find that reduced cell coupling decreases the line tension of scroll wave filaments and
may induce negative filament tension instability in three-dimensional excitable lattices. VC 2011
American Institute of Physics. [doi:10.1063/1.3551500]
Nonlinear waves account for many phenomena in
spatially distributed chemical, physical, and biological
systems. Often, vortex structures are formed, which can
be spiral waves in two dimensions (2D) or scroll waves in
three dimensions (3D). Spiral and scroll waves were first
observed in chemical systems. Later, they were recorded
in many other systems, including cardiac tissue, where
they account for life threatening cardiac arrhythmias. In
most of the systems nonlinear waves can be described
using reaction–diffusion models. The study of spiral and
scroll wave dynamics using numerical and analytical
methods is a relevant topic in theoretical biology and
nonlinear dynamics. One important direction of theoreti-
cal research is to identify mechanisms which can produce
turbulence organized by multiple spiral or scroll waves.
This is very important for cardiac tissue, where turbu-
lence is associated with sudden cardiac death. Although
there are several factors which facilitate the induction of
turbulence, it occurs more easily in so-called remodeled
cardiac tissue which is characterized by changes in ion
channel expression and reduced electrical connections
between cardiac cells. Some possible mechanisms which
account for such observations have been identified. So far
most of the related research is focused on possible 2D
mechanisms. Here, we show numerically that a reduction
in conduction may result in the onset of turbulence via a
genuine 3D instability. We consider two cases: first an ho-
mogeneous reduction in conduction and second a random
distribution of elements with reduced connectivity. We
employ a generic model of excitable media in our study,
which indicates a generic nature of this phenomenon.
Thus, these findings potentially can be applied to any suf-
ficiently discrete excitable system.
I. INTRODUCTION
Scroll waves often form in three-dimensional excitable
media. They rotate around a line of phase singularities,
known as the filament, which governs the dynamics of these
waves.1 Usually, filaments exhibit positive filament tension:
circular filaments, called scroll rings, shrink and disappear
and straight filaments attain a stationary position in 3D slabs
of excitable medium. Filaments, however, may have nega-
tive filament tension2–4 and under such conditions a chaotic
dynamics is normally developed.5–7 Thus, filament tension is
one of the most important determinants of 3D vortex dynam-
ics in excitable media.8 The initial states of the filament ten-
sion instability have been observed in chemical systems.9,10
Scroll waves are important for wave propagation and
arrhythmias which occur in thick slabs of cardiac tissue, e.g.,
in ventricles of the heart. A propagating electrical wave of
excitation initiates the contraction of the heart. Abnormal ex-
citation of the heart may result in dangerous cardiac arrhyth-
mias, including ventricular fibrillation, which is the main
cause of sudden cardiac death. Excitation of the heart results
from timed excitations of millions of individual heart cells
coupled through highly conductive gap junctions.11 As a
result, on a small scale wave propagation is not continuous.
It consists of fast propagation along individual cells and
delays at intercellular connections during which excitation
propagates between cells. In general, up to a half of the con-
duction time is a result of such gap junctional delays.12
Many forms of cardiac disease (e.g., ischemia, infarc-
tion, etc.) result in reduced numbers and conductivities of
gap junctions, making the discrete nature of wave propaga-
tion more pronounced.11,12 Discrete effects of gap junctions
were mainly studied for one-dimensional wave propaga-
tion.13 Reduced gap junction conductivities lead to a
decrease of the wave velocity. As expected the increase of
the inhomogeneity of the system typically produces the
break up of the waves.14 However, studies of the effects of
intercellular coupling on 2D vortexes, paradoxically showed
that lower gap junctional conductance may prevent the for-
mation of spatio-temporal chaos, due to the increase in the
vortex period.15,16 There are different examples of stabiliza-
tion by uncoupling of re-entries by heterogeneities with char-
acteristic spatial scale smaller,16 similar,17 and larger18 than
the spiral wave core.a)Electronic mail: Sergio.Alonso@ptb.de.
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Furthermore, synchronization in 2D populations of chem-
ical elements has been studied. Randomly distributed active
chemical beads19,20 and periodic arrays of active droplets21
are examples of heterogeneous active chemical systems where
pattern formation properties are determined by the discrete-
ness of these elements. In such systems heterogeneous reac-
tion–diffusion models have been employed for the study of
wave propagation on heterogeneous chemical reactions.22,23
Effects of discreteness on 3D vortexes combined with
fiber anisotropy have been previously discussed.8,24 Here,
we study the effects of discrete wave propagation on the
tension of 3D scroll wave filaments in isotropic media. These
effects could be enhanced by anisotropy.25 We use two mod-
els of discrete tissue: (1) obtained from a uniform decrease
of homogeneous intercellular conductance, see Fig. 1(a) and
(2) obtained by a large effective reduction of the conduct-
ance on a fraction of randomly chosen cell connections, see
Fig. 1(b). In both cases a decreased coupling results in a
decrease of filament tension. Such a reduction may finally
result in a qualitative change in the scroll wave dynamics:
initially stable scroll waves may become unstable and result
in spatio-temporal chaotic wave patterns. We explain the
FIG. 1. (Color online) Sketch of the dis-
cretization of Eqs. (1) and (3) for the dif-
ferent approaches here considered.
Circles represent the nodes of the grid
and lines represent the connectivity
between nodes. The thickness of the
lines is proportional to the value of the
conductivity (f). Two cases are consid-
ered: the change of the value of the con-
ductivity f (a) and the fraction q of
normal connectivities (b).
FIG. 2. (Color online) Negative filament
tension instability due to reduced inter-
cellular coupling. Evolution of the exci-
tation waves (a–c) and filament (d–f) of
a initially straight scroll wave for
f¼ 1.875. For the whole article we keep
constant a¼ 1.1, ¼ 0.02 and b¼ 0.15
and Dt¼ 0.015. Size of the system: 100
 100  100.
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observed effects by studying the period and wavelength of
2D spiral waves as a function of the discreteness. In both
models a decreased coupling results in an increase of the
period and wavelength of 2D spiral waves and, therefore,
reduces the excitability of the tissue. Finally we discuss the
implications of the results to cardiac applications.
II. MODELS
We consider a cubic grid of cardiac cells described by a
generic (Barkley) model,26 which has been widely used to
study filament dynamics in 3D excitable media.27 We
decrease the connectivities among the cells in two different
ways (see Fig. 1) giving rise to two discrete models referred
to as the homogeneous discrete model and the dichotomic
model, respectively. The equations of the homogeneous dis-
crete model correspond to the discretization resulting from
the 19-point approximation of the Laplacian5,6 at large con-
nectivity. Such expression of the Laplacian considers first
and second neighbors (see Fig. 1).
The equations are integrated with a second order
Runge–Kutta method employing Dt¼ 0.015. Smaller tempo-
ral discretization does not affect the results. The system is
discrete and all lengths are measured in terms of the distance
between two consecutive elements.
A. Homogeneous discrete model
Cardiac cells connected by gap junctions are modeled
by the following equations:16
_Vi ¼ RVðVi; IiÞ þ fLðVi;VjÞ;
_Ii ¼ RIðVi; IiÞ; (1)
where the variable V corresponds to the membrane action
potential of a cell i and RV represents total current across the
cell membrane. Variable I represents the slow inward current
responsible for tissue recovery. The reaction terms are given
by the expressions RV¼ 1 V(1V) (V (I þ b)/a) and
RI¼V I.26 The parameter values on the reaction terms
determine the excitability of the medium. The spatial opera-
tor L(Vi, Vj) for large values of n is related with the discrete
version of the Laplacian operator (L(Vi, Vj)¼r  (rV)Dx2)
with Dx¼ 1 (distance between two consecutive elements)
and with 19-intercell connections defined on a cubic grid
LðVi;VjÞ ¼
Xn
j
2
6
ðVj  ViÞ þ
Xnn
j
1
6
ðVj  ViÞ; (2)
where the index n (nn) corresponds to first (second) neigh-
bors. For some simulations we use the analogous 2D repre-
sentation. f is the parameter scaling intercellular
conductivity. In the following we will refer to this approach
as homogeneous discrete description.
B. Dichotomic model
Alternatively, we have considered a dichotomic hetero-
geneous coupling among cells in cardiac tissue, which allows
a description of the effects of a decreased number of intercel-
lular connections. We study a model in which the decrease
of intercellular coupling is achieved by a random weakening
of a percentage of the intercellular connections
_Vi ¼ RVðVi; IiÞ þ fLijðVi;VjÞ;
_Ii ¼ RIðVi; IiÞ; (3)
where the connectivity matrix depends on the points:
LijðVi;VjÞ ¼
Xn
j
gij
2
6
ðVj  ViÞ þ
Xnn
j
gij
1
6
ðVj  ViÞ: (4)
A fraction q of connections has a connectivity gij¼ go¼ 1
and the rest of connections (1 q) have a reduced connectiv-
ity gij¼ gr¼ 0.1. The limits q¼ 0 and q¼ 1 correspond,
respectively, to f¼ fr¼ 1 and f¼ fo¼ 10 in the previous
model (see Fig. 1). This description has been previously
employed in simple bistable media28,29 and similar prescrip-
tion with gr¼ 0 in wave propagation along cardiac tissue16,30
In the next section, we will refer to this approach as dicho-
tomic model.
III. RESULTS
A. Wave dynamics in the homogeneous discrete
model
A reduced intercellular coupling has a pronounced effect
on the filament tension. It decreases the tension of the scroll
wave filament and may result in the onset of scroll wave tur-
bulence. An example of such unstable dynamics is shown in
FIG. 3. (Color online) Dependence of the filament tension (a) and vertical
drift (b) of scroll rings on f. Solid lines correspond to nonlinear fits. Evolu-
tion of the averaged three-dimensional radius (c) and vertical drift (d) for
two values of f. Size of the system: 100  100  200.
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Fig. 2. The initial condition is a traveling wave with a free
edge and with a slightly random perturbation which rapidly
gives rise to an almost straight scroll wave. The parameters
used correspond in the continuous limit to filaments with
positive tension;5,6 therefore, a straight scroll wave similar to
the one shown in Fig. 2(a) is stable. If the intercellular con-
nections are homogeneously reduced, the filament attains
negative tension and becomes unstable. As a result the per-
turbed filament shown in Fig. 2(d) grows in length, bends
[Figs. 2(d) and 2(e)], and splits at the boundaries. Finally, an
irregular regime [Fig. 2(c)] with a snaking filament is formed
[Fig. 2(f)]. This process is similar to the patterns observed
during the long wavelength instability of filaments with neg-
ative filament tension.6,31,32
This instability occurs as a result of negative filament
tension, as is illustrated in Fig. 3(a). This figure shows the
effect of intercellular coupling on the main coefficients
determining curvature dependent filament drift.33 As was
shown numerically2 and analytically,33 filament curvature
induces drift of the filaments which has components in the
normal (vN), and in the binormal direction (vB). Both veloc-
ities are directly proportional to the curvature (j) of the
filament:
vN ¼ aj; vB ¼ bj: (5)
These expressions are reduced for the particular case of
scroll rings, waves rotating around a circular filament of ra-
dius R:
vN ¼ a
R
; vB ¼ b
R
; (6)
which permits the numerical calculation of the dependence
of coefficients a and b on intercellular coupling, as it is
shown in Fig. 3. Positive a produces the reduction of the fila-
ment length. It corresponds to positive filament tension
(shrinking of circular filaments) and stabilizes straight fila-
ments in slabs of cardiac tissue. Negative a corresponds to
negative filament tension (expansion of circular filaments)
and destabilizes straight filaments. In order to find the
dependency of the coefficient a of the intercellular coupling,
we initiated circular filaments (scroll rings) with the same
initial radius for different values of f and follow their evolu-
tion. Two characteristics examples of such evolutions are
shown in Figs. 3(c) and 3(d). For large coupling (f¼ 5) after
an initial transient the scroll ring shrinks while for low cou-
pling (f¼ 1.5) the scroll ring grows. From these dynamics
FIG. 4. (Color online) Dependence of
the characteristic period (a) and wave-
length (b) of spiral waves on the parame-
ter f. Dashed lines show the expected
continuous limits and solid lines are non-
linear fits. Arrow indicates the value
employed for 3D simulations in Fig. 2.
Three snapshots corresponding to the
spiral waves with f¼ 1 (c), f¼ 1.8 (d),
and f¼ 9.3 (e). Size of the system: 256
 256.
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we computed the values of the coefficient a [Fig. 3(a)]. For
large values of intercellular coupling f scroll rings contract
(a is positive). If the intercellular coupling decreases the
velocity of contraction decreases and for f < 2.2 the filament
starts expanding (a is negative). As a result, scroll rings
grow and the negative filament tension instability gives rise
to irregular wave dynamics in 3D (Fig. 2). Similar results for
the vertical drift are presented in Fig. 3(b) and show a pro-
gressive decrease of the drift speed with decrease of the
intercellular coupling.
The points plotted in Figs. 3(a) and 3(b) are obtained by
three-dimensional simulations. In a continuous medium the
angular symmetry of scroll rings in cylindrical coordinates
permits a reduction of the scroll ring motion to the dynamics
in the two-dimensional plane (r, z).2,5,6,34,35 Our cubic dis-
crete grid does not have any angular symmetry and conse-
quently this reduction is not applicable.
In order to understand the mechanism responsible for the
decrease of filament tension we studied how the decrease of f
affects the properties of 2D spiral waves. In Fig. 4 we plot
the dependence of the characteristic period (T) and wave-
length (k) of spiral waves on the parameter f. Examples of
spiral waves are shown in Figs. 4(c)–4(e). The spiral wave-
length k is determined by calculating the two-dimensional
power spectrum of the spiral waves.
For large values of the intercellular coupling f, the
period of spiral waves remains constant and we can see
the expected square root dependence of the wavelength on
the parameter f (dashed lines in Fig. 4) corresponding to the
prediction for the continuous limit. For small values of the
intercellular coupling (f < 3) discreteness becomes relevant
and period and wavelength of the spiral waves increase. This
is a clear deviation from the continuous limit and has to be
attributed to the discrete cell coupling. Such increase in
period and the wavelength is typical for a medium with
decreased excitability. If f < 0.8, the medium loses its excit-
able properties and cannot conduct excitation waves any-
more. Thus, the decrease of the conductivity f causes an
effective decrease in the excitability of the medium.6
Because low excitability of the medium results in negative
filament tension (see, e.g., Ref. 6), it explains the results
observed in Figs. 2 and 3.
B. Wave dynamics in the dichotomic model
We have also studied the filament dynamics in the
dichotomic model. A fraction q of connections has connec-
tivity gij¼ 1 and the rest have a reduced connectivity
gij¼ 0.1. We found that results obtained using this approach
are qualitatively similar to those obtained using the homoge-
nized approach considered previously.
Figure 5 shows that a scroll wave which is stable for
normal coupling (q¼ 1) may become unstable if a fraction
of the couplings between cells is decreased. The filament
length of the scroll wave grows and due to this negative fila-
ment tension instability we observe irregular wave behavior
(Fig. 5). This is similar to the results obtained in Fig. 2 for
the homogeneous discrete approach.
In Fig. 6 we plot the dependence of the characteristic pe-
riod (T) and wavelength (k) of spiral waves on the parameter
q. Examples of spiral waves are shown in Figs. 6(c)–6(e).
The effective reduction of the cell coupling for small values
of q increases the period of spiral waves and only affects the
wavelength slightly. In contrast with Fig. 4, the period of the
spiral waves do not diverge because the limit value q¼ 0 in
Fig. 6 corresponds to the value f¼ 1 in Fig. 4 which pro-
duces a finite spiral period.
Using earlier results29 one can calculate an effective ho-
mogenized conductivity of the medium (fe) for different val-
ues of q from the implicit relation:
FIG. 5. (Color online) Negative filament
tension instability due to heterogeneous
intercellular coupling. Evolution of the ex-
citation waves (a–c) and filament (d–f) of
a initially straight scroll wave for q¼ 0.25.
Size of the system: 100 100 100.
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ð1 qÞ fo  fe
fo þ fe
þ q fr  fe
fr þ fe
¼ 0; (7)
and quantitatively compare the results of the homogenized
and dichotomic approaches. Dashed lines in Fig. 6 show the
prediction of periods and wavelengths of spiral waves for the
continuous approach. Solid lines in Fig. 6 correspond to the
discrete homogenized models. We calculate an effective
conductivity fe(q),
29 and we use this value to obtain T and k
in Fig. 4. We see a reasonable correspondence of theoretical
and numerical results.
IV. DISCUSSION AND CONCLUSIONS
We show that a decrease of intercellular coupling results
in the reduction of tension of scroll wave filaments and may
result in negative tension leading to 3D turbulence. We
achieve this decrease by a moderate homogeneous reduction
of the coupling strength and by a large reduction of randomly
chosen connections. The results of the two approaches are
qualitatively similar: reduced coupling increases the period
of the scroll waves and lowers the medium excitability lead-
ing to negative filament tension.
Here we use two simplified descriptions of discrete cou-
pling. Exact reproduction of discrete effects is a difficult
problem which requires detailed mapping of cell shapes and
positions in 3D syncytium, obtaining information on the
location of gap junctions of each individual cell and detailed
modeling in intracellular and intercellular propagation. Cur-
rently there is an increase of attempts in this direction.36–38
Extension of this approach to realistic 3D cardiac geometry
is not feasible as typical 3D simulation would require repre-
sentations of more than 108 cells. However, there are already
heterogeneous monodomain and bidomain models37,39 for
small pieces of cardiac tissue. On the other hand, the results
of Refs. 40 and 41 show that the homogenized and dicho-
tomic approaches used here adequately reproduce known
discrete effects of cardiac propagation of wave in cardiac
cells coupled by discrete gap junctions. In this manuscript
we show that both approaches essentially lead to decreasing
filament tension. Therefore, we think that more detailed
descriptions of tissue anatomy will not change the main qual-
itative result of our paper.
The decrease in filament tension is due to the decrease
of excitability of the medium in response to reduced cell
FIG. 6. (Color online) Dependence of the
characteristic period (a) and length (b) of
spiral waves on the fraction of normal con-
nectivities q in a heterogeneous system.
Points are average over ten realizations.
Dashed and solid lines correspond, respec-
tively, to the predictions with an effective
conductivity fe for continuous and discrete
limits. Arrow indicates the value
employed for 3D simulations in Fig. 5.
Three snapshots corresponding to spiral
waves with different values q¼ 0.1 (c),
q¼ 0.5 (d), and q¼ 0.9 (e). Size of the
system: 256 256.
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coupling. Such a decrease in excitability should be present in
any discrete model of excitable tissue and in experiments.
Thus we expect that in other models or experiments, a pro-
gressive reduction of intercellular coupling will finally result
in the onset of negative filament tension. This three-dimen-
sional instability is observed in thick systems and cannot
appear in thin slabs of tissue.34 The instability appears at a
critical size and it depends on the parameter values and how
deep is the system into the negative filament tension region.
The value of this critical size should be estimated in future
research using physiologically realistic models for cardiac cells.
Although the models employed are generic, some of their
joined properties reproduces important characteristics of
waves in real cardiac tissue. In fact, discrete effects on wave
propagation in such generic models become essential when
the wavefront occupies one to two cells42 and the continuous
description is accurate for wavefronts much larger than two
cells. The size of the wave can be much larger than this limit,
but the relevant quantity to evaluate the level of discreteness
is the width of wavefront.29 In real cardiac tissue the front
width is of the order of 500 lm (i.e., four to five cardiac cells)
for normal conduction, due to the fast activation time of the
sodium current s 1 ms and the fast speed of the waves v 
0.5 m/s.11 In abnormal regimes, e.g., during re-entrant wave
rotation, the velocity can be substantially slower and thus the
wavefront may approach this one to two cells length estimate
and the discrete effects studied in this article may become
relevant. The validity of this dimensionless estimate for real
experimental conditions needs to be further investigated in
simulations involving more accurate description of the dis-
crete effects and more detailed models of cardiac tissue.34
It is likely that effects of discrete cell coupling on fila-
ment tension are more pronounced during pathological
cardiac conditions, e.g., during ischemia when intercellular
coupling is reduced. Also, many cardiac diseases result in a
remodeling of cardiac tissue and fibrosis, which also effec-
tively reduces intercellular coupling in cardiac tissue.11,13
In summary, for the two versions of a generic model,
with discrete and heterogeneous spatial coupling we have
shown that a reduced connectivity between discrete elements
decreases the tension of filaments of 3D scroll waves and
may result in the onset of unstable turbulent dynamics.
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